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A NOTE ON MULTIPLICATIVE FUNCTIONS RESEMBLING THE
MO¨BIUS FUNCTION
MARCO AYMONE
Abstract. We provide examples of multiplicative functions f supported on the square
free integers, such that on primes f(p) = ±1 and such that Mf (x) :=
∑
n≤x f(n) =
o(
√
x). Further, by assuming the Riemann hypothesis (RH) we can go beyond
√
x-
cancellation.
1. Introduction.
We say that f : N → C resembles the Mo¨bius function µ if f is multiplicative,
supported on the squarefree integers, i.e., f(n) = 0 whenever n is divisible by some
perfect square, and f(p) ∈ {+1,−1} for each prime p. The set of the squarefree integers
S is an abelian group under the operation n ◦ m := lcm(n,m)
gcd(n,m)
. Further, all the complex-
valued group characters of (S, ◦) are the real valued multiplicative functions f that have
support on the squarefree integers, and on primes f(p) ∈ {−1, 1}, see [3].
Let P be the set of prime numbers. In [7] the authors called such f as a multiplicative
function that resembles the Mo¨bius µ, and their main result provide a condition on the
values (f(p))p∈P for which the partial sums Mf (x) :=
∑
n≤x f(n) are O(x
1/2+o(1)).
If the values (f(p))p∈P are given by independent random variables that have equal
probability to be either ±1, then with probability one Mf (x) = o(x1/2+) for all  > 0.
Further, these partial sums are not (with probability one) o(x1/2−), see [11] for these and
other interesting results. Further, up to this date, the best upper bound for Mf (x) can
be found in [6] and the best Ω-result can be found in [2].
The solution of the Erdo˝s discrepancy problem (see [9]) implies that a completely mul-
tiplicative function f : N→ {−1, 1} has unbounded partial sums. However, a completely
multiplicative function f : N→ {−1, 0, 1} may have bounded partial sums, for instance, a
real non-principal Dirichlet character χ. Also, a multiplicative function f : N→ {−1, 1}
may have bounded partial sums, see [4] for a complete classification of such f , and see
[5] for the proof of Chudakov’s conjecture. In the case f : N → {−1, 1} is completely
multiplicative there are known examples for which Mf (x) is O(log x), see [1].
1
ar
X
iv
:1
90
8.
11
01
4v
1 
 [m
ath
.N
T]
  2
9 A
ug
 20
19
2 MARCO AYMONE
Here we address the following question:
For which values of α > 0 there exists a multiplicative function f resembling the Mo¨bius
function µ such that its partial sums Mf (x) are o(x
α)?
Theorem 1.1. There exists a multiplicative function f resembling µ and such that Mf (x) =
o(
√
x). Further, if we assume RH, there exists f such that Mf (x) = o(x
2/5+), for any
 > 0.
Further:
Theorem 1.2. Let f be a multiplicative function resembling µ. Let p be a generic prime
number. Assume that for some real non-principal Dirichlet character χ and for some
constant c > 0
(1)
∑
p≤x
|1− f(p)χ(p)| 
√
x
exp(c
√
log x)
.
Then for some λ > 0
(2) Mf (x)
√
x
exp(λ(log x)1/4)
.
As Theorem 1.2 suggests, our examples of f resembling µ with small partial sums
are related to the real non-principal Dirichlet characters χ. Indeed, the proof of Theorem
1.1 is elementary in the following sense: We begin with a real non-principal Dirichlet
character χ, extend it to a completely multiplicative function g : N → {−1, 1} and then
we restrict it to the squarefree integers f = µ2g. The partial sums Mf (x) are o(x
2/5+)
under RH, and unconditionally 
√
x
exp(λ(log x)1/4)
for some λ > 0.
This raises the question of how small the partial sums Mf (x) can be for f resembling
µ and such that f = µ2g, where g : N→ {−1, 1} is a completely multiplicative extension
of a real non-principal Dirichlet character χ mod k, i.e., g is completely multiplicative,
g(n) = χ(n) whenever gcd(n, k) = 1 and for each prime p|k, g(p) = ±1. It is worth
mentioning that the best upper bound we can obtain for Mf (x) for such f seems to be
o(x1/4), and further the claim Mf (x) = o(x
α) for some α < 1/2 is linked with zero free
regions for ζ. Indeed, we have the following:
Theorem 1.3. Let f = µ2g where g : N → {−1, 1} is a completely multiplicative ex-
tension of a real non-principal Dirichlet character χ. Assume that RH holds for the
L-function L(s, χ), i.e., all the zeros on the half plane H0 := {z = σ + it ∈ C : σ > 0} of
L(s, χ) have real part equals to 1/2. If Mf (x) is o(x
α) for some α > 0, then:
i. α ≥ 1/4;
ii. ζ has no zeros in the half plane H2α.
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2. Proofs of the main results
Notation. Here Mf (x) :=
∑
n≤x f(n). We use both f(x)  g(x) and f(x) = O(g(x))
whenever there exists a constant C > 0 such that for all large x > 0 we have that
|f(x)| ≤ C|g(x)|. Further, δ means that the implicit constant may depend on δ. The
standard f(x) = o(g(x)) means that limx→∞
f(x)
g(x)
= 0. We let P for the set of primes and
p for a generic element of P . The notation pk‖n means that k is the largest power of
p for which pk divides n. The Mo¨bius function is denoted by µ, i.e., the multiplicative
function with support on the square free integers and such that at the primes µ(p) = −1.
Dirichlet convolution is denoted by ∗. Given a subset A ⊂ N, we denote by 1A(n) the
characteristic function of A. Finally, ω(k) is the number of distinct primes that divide a
certain k.
2.1. Proof of Theorem 1.2. We begin with the following
Lemma 2.1. Let h : N→ [0,∞) be a multiplicative function such that:
i. h(p) ≤ 2 and h(pk) ≤ h(p), for all primes p and all powers k ≥ 2;
ii. For some constant c > 0,
∑
p≤x h(p)
√
x
exp(c
√
log x)
.
Then there exists a δ > 0 such that Mh(x)
√
x
exp(δ
√
log x)
.
Proof. We are going to show that the series
∞∑
n=1
h(n) exp(δ
√
log n)√
n
converges for some small 0 < δ < c/2, and hence, the proof of the desired result is obtained
either by partial summation or by Kroenecker’s Lemma (see [8] pg. 390).
Since
√
log n =
√∑
pk‖n log p
k ≤∑pk‖n√log pk we have that
∑
n≤x
h(n) exp(δ
√
log n)√
n
≤
∑
n≤x
h˜(n)√
n
,
where h˜ is the multiplicative function such that h˜(pk) = exp(δ
√
log pk)h(pk), for all primes
p and all powers k. Hence, by the Euler product formula, we only need to show that the
series
∑
p∈P
∑∞
k=1
h˜(pk)
pk/2
converges.
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Let 0 < δ < c/2 be small such that exp(δ
√
log p)√
p
< 1 for all p ∈ P . Condition i.
combined with the formula for the the sum of a geometric series implies
(3)
∞∑
k=2
h˜(pk)
pk/2
≤ h(p)exp(2δ
√
log p)
p
1
1− exp(δ
√
log p)√
p
δ h(p) exp(2δ
√
log p)√
p
.
Put T (x) = 0 for 0 ≤ x < 1 and T (x) = ∑p≤x h(p) for x ≥ 1. We have that:
∑
p≤x
h(p) exp(2δ
√
log p)√
p
=
∫ x
1
exp(2δ
√
log t)√
t
dT (t)
 T (x)exp(2δ
√
log x)√
x
+
∫ x
1
T (t)
exp(2δ
√
log t)
t3/2
dt
 1
exp((c− 2δ)√log x) +
∫ x
1
1
t exp((c− 2δ)√log t)dt
 1.
This estimate combined with (3) gives that
∑
p∈P
∑∞
k=1
h˜(pk)
pk/2
converges. 
Lemma 2.2. Let f : N → {−1, 1} be completely multiplicative. Assume that for some
real non-principal Dirichlet character χ mod k f satisfies (1). Then for some δ > 0,
Mf (x)
√
x
exp(δ
√
log x)
.
Proof. Let h = f ∗χ−1, where χ−1 is the Dirichlet inverse of χ. Then χ−1 is multiplicative
and it is supported on the square free integers. It follows that for each prime p and any
power k:
|h(pk)| = |f ∗ χ−1(pk)| = |f(pk) + f(pk−1)χ−1(p)| = |f(pk)||1− f(p)χ(p)|
= |1− f(p)χ(p)| = |h(p)|.
Hence |h| satisfies the conditions i-ii of Lemma 2.1. Since f = h ∗ χ, it follows that
Mf (x) =
∑
n≤x h(n)Mχ(x/n), and since χ has (uniformly) bounded partial sums, it follows
that Mf (x)χ M|h|(x). 
We complete the proof of Theorem 1.2 with the following
Lemma 2.3. Let g : N→ {−1, 1} be completely multiplicative and such that
Mg(x)
√
x
exp(δ
√
log x)
.
Let f = µ2g. Then Mf (x) satisfies (2).
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Proof. Let h := f ∗ g−1, where g−1 is the Dirichlet inverse of g. Let F , G and H be the
associated Dirichlet series of f , g and h respectively. The Euler product formula yields
G(s) =
∏
p∈P
(
1− g(p)
ps
)−1
, F (s) =
∏
p∈P
(
1 +
g(p)
ps
)
.
Since h = f ∗ g−1:
H(s) =
F (s)
G(s)
=
∏
p∈P
(
1− 1
p2s
)
.
Thus, h has support on the perfect squares and h(n) = 1N(
√
n)µ(
√
n). Further, the
Vinogradov-Korobov zero free region for ζ implies that Mµ(x)  x exp(−c
√
log x), for
some constant c > 0. Hence
(4) Mh(x) = Mµ(
√
x)
√
x
exp(c
√
log
√
x)
.
The Dirichlet hyperbola method yields: For all U ≥ 1 and V ≥ 1 such that UV = x, we
have
(5) Mf (x) =
∑
n≤U
h(n)Mg
(
x
n
)
+
∑
n≤V
g(n)Mh
(
x
n
)
−Mg(V )Mh(U) := A+B − C.
We choose V = exp((
√
log x)) where 0 <  < c√
2
and U = x
V
. Further, λ > 0 is a
parameter λ < min(δ
√
, c√
2
− ).
Estimate for A.
|A| ≤
∑
n≤U
1N(
√
n)|Mg(x/n)| =
∑
n≤√U
|Mg(x/n2)|

∑
n≤√U
√
x
n
1
exp(δ
√
log x/n2)

√
x logU
exp(δ
√
log x/U)

√
x exp(log log x)
exp(δ
√
log V )

√
x exp(log log x)
exp(δ
√
(log x)1/4)

√
x
exp(λ(log x)1/4)
,
since our λ < δ
√
.
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Estimate for B. By (4) we obtain:
|B| ≤
∑
n≤V
|Mh(x/n)| 
∑
n≤V
√
x
n
exp
(
− c√
2
√
log x/n)
)

√
x
exp
(
c√
2
√
log x/V
)∑
n≤V
1√
n

√
x
exp
(
c√
2
√
log x− log V
) · √V

√
x
exp
(
c√
2
√
log x− (log x)1/2 − 
2
√
log x
)

√
x
exp(λ(log x)1/4)
,
since our 0 < λ < c√
2
− 
2
.
Estimate for C.
C 
√
V
exp(δ
√
log V )
√
U
exp( c√
2
√
logU)

√
UV
exp(δ
√
log V ))

√
x
exp(λ(log x)1/4)
.

2.2. Proof of Theorem 1.1. The first part is a consequence from Theorem 1.2 proved
above. Next we are going to proof the part that depends on RH.
We say that f : N→ {−1,+1} is a completely multiplicative extension of a real char-
acter χ mod k if f is completely multiplicative and f(n) = χ(n) whenever gcd(n, k) = 1.
The following result is closely related to corollary 4 and 5 of [1]:
Lemma 2.4. Let g : N → {−1, 1} be the completely multiplicative extension of a real
non-principal Dirichlet character χ mod k such that:
g(n) = χ(n), if gcd(n, k) = 1,
g(p) = 1, for each prime p|k.
Then:
lim sup
x→∞
|Mg(x)|
(log x)ω(k)
≤ maxy≥1 |Mχ(y)|
ω(k)!
∏
p|k
1
log p
.
Proof. Let g be as above and h = g ∗ χ−1. Let G, H and L be the Dirichlet series of g, h
and χ respectively. Observe that
G(s) = H(s)L(s) = L(s)
∏
p|k
1
1− 1
ps
.
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Let h˜(n) = nh(n). Observe that
∑∞
n=1
h˜(n)
ns
= H(s − 1) converges for all s = σ + it with
σ > 1. Further, H(s− 1) has pole at s = 1 of order ω(k), since
1− 1
ps
∼ s log p.
In particular
∞∑
n=1
h˜(n)
ns
∼ 1
(s− 1)ω(k)
∏
p|k
1
log p
.
Further, h˜(n) ≥ 0. By the Theorem of Hardy-Littlewood-Karamata (see [10], Theorem
8, pg. 227) we obtain that
Mh(x) =
∑
n≤x
h˜(n)
n
∼ 1
ω(k)!
∏
p|k
log x
log p
.
Since g = h ∗ χ, we have:
Mg(x) =
∑
n≤x
h(n)Mχ
(
x
n
)
.
Thus |Mg(x)| ≤ (maxy≥1 |Mχ(y)|)Mh(x) completes the proof. 
Proof of Theorem 1.1. Let g be as in Lemma 2.4. In particular Mg(x) xα for any α > 0.
Let f = µ2g and h = f ∗ g−1. Thus, as in the proof of Lemma 2.3, h(n) = 1N(
√
n)µ(
√
n).
Under RH, we have for any  > 0:
Mh(x) x1/4+.
Next, we proceed with the Dirichlet Hyperbola method in the same line of reasoning of
the proof of Lemma 2.3. Let A,B and C be defined as in (5); V = x1/5 and U = x4/5. It
is worth mentioning that these choices for U and V are optimal.
Estimate for A.
A xαU 12−α  xαx4/5(1/2−α)  x2/5+α/5.
Estimate for B.
B 
∑
n≤V
x1/4+
n1/4+
 x1/4+V 3/4−  x1/4+x1/5(3/4−)  x2/5+4/5.
Estimate for C.
C  V αU1/4+ = xα/5+4/5(1/4+) = x1/5+α/5+4/5
We complete the proof by choosing α > 0 and  > 0 arbitrarily small. 
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2.3. Proof of Theorem 1.3.
Proof. Let χ be a real non-principal Dirichlet character and L(s, χ) be its Dirichlet series.
Assume that RH holds for L(s, χ). Let g : N → {−1, 1} be a completely multiplicative
extension of χ and f = µ2g. Let F (s) and G(s) be the Dirichlet series of f and g
respectively. It follows that G(s) is analytic in the half plane H0 and share same zeros
(with same multiplicty) with L(s, χ). On the other hand, the hypothesis Mf (x) = o(x
α)
implies that F is analytic in Hα. Observe that
F (s)
G(s)
= 1
ζ(2s)
. Since 1
ζ(2s)
is analytic in some
open set containing the closed half plane H∗1/2 and has a zero only at s = 1/2, it follows
that F has the same zeros as G (with the same multiplicity, with a possible exception
at s = 1/2) in this open set. Hence the zeros of ζ(2s) are poles for F (s), which implies
that α ≥ 1/4. Further, the RH for L(s, χ) implies that F (s)
G(s)
is analytic where F is; In
particular it is analytic in Hα. It follows that
1
ζ(2s)
is analytic in Hα. 
References
[1] P. Borwein, S. K. K. Choi, and M. Coons, Completely multiplicative functions taking values in
{−1, 1}, Trans. Amer. Math. Soc., 362 (2010), pp. 6279–6291.
[2] A. J. Harper, Bounds on the suprema of Gaussian processes, and omega results for the sum of a
random multiplicative function, Ann. Appl. Probab., 23 (2013), pp. 584–616.
[3] T. Hilberdink, The group of squarefree integers, Linear Algebra Appl., 457 (2014), pp. 383–399.
[4] O. Klurman, Correlations of multiplicative functions and applications, Compos. Math., 153 (2017),
pp. 1622–1657.
[5] O. Klurman and A. P. Mangerel, Rigidity theorems for multiplicative functions, Math. Ann.,
372 (2018), pp. 651–697.
[6] Y.-K. Lau, G. Tenenbaum, and J. Wu, On mean values of random multiplicative functions,
Proc. Amer. Math. Soc., 141 (2013), pp. 409–420.
[7] H. Maier and A. Sankaranarayanan, On multiplicative functions resembling the Mo¨bius func-
tion, J. Number Theory, 163 (2016), pp. 75–88.
[8] A. N. Shiryaev, Probability, vol. 95 of Graduate Texts in Mathematics, Springer-Verlag, New York,
second ed., 1996. Translated from the first (1980) Russian edition by R. P. Boas.
[9] T. Tao, The Erdo˝s discrepancy problem, Discrete Anal., (2016), pp. Paper No. 1, 29.
[10] G. Tenenbaum, Introduction to analytic and probabilistic number theory, vol. 46 of Cambridge
Studies in Advanced Mathematics, Cambridge University Press, Cambridge, 1995. Translated from
the second French edition (1995) by C. B. Thomas.
[11] A. Wintner, Random factorizations and Riemann’s hypothesis, Duke Math. J., 11 (1944), pp. 267–
275.
Marco Aymone
Departamento de Matema´tica, Universidade Federal de Minas Gerais, Av. Antoˆnio
Carlos, 6627, CEP 31270-901, Belo Horizonte, MG, Brazil.
Email address: marco@mat.ufmg.br
